The present study therefore indicates a multicritical point in the B − T phase diagram.
The discovery of high-T c superconductivity in cuprates has triggered extensive researches into the superconductivity phase transition in presence of a magnetic field [1] . It is now well established that freezing of the liquid into lattice of quantized flux lines is, like most other freezing phenomena in nature, a thermodynamic first-order phase transition. This notion is particularly important because the normal to superconductivity transition in a type II superconductor under magnetic field was considered to be second order for a long time since the pioneer work by Abrikosov [2] .
The high-T c superconductors share a layered structure in which the superconductivity is widely believed to occur mainly in the CuO 2 layers intervened by layers of charge reservoir. This profound layer structure causes significant differences in both equilibrium and transport properties under magnetic fields in different directions.
The first-order normal to superconductivity transition is mainly observed under magnetic fields perpendicular to the layers. In this geometry the vortices of pancake shape can move in the CuO 2 planes of the two-dimensional (2D) translational symmetry which is broken at the transition. In a sharp contrast, a parallel magnetic field penetrates the system through the reservoir layers in order to save superconducting condensation energy. For the interlayer Josephson vortices, the translational symmetry along the c axis is broken a priori. It is therefore very interesting to see whether new phases and new melting process can happen in this system. Since the proposal of a decoupled 2D order by Efetov [3] , no consensus has been reached for possible phases and phase transitions of interlayer Josephson vortices, despite of considerable efforts both theoretical [3] - [11] and experimental [12] - [20] .
In order to get more insight into this problem, we have performed large-scale computer simulations using the three-dimensional (3D) anisotropic, frustrated XY model, which has been used successfully in study of the mixed states under magnetic field along the c axis [21] . We have found for the first time that there is a multicritical point in the B −T phase diagram of interlayer Josephson vortices: Below the critical field, a single first-order transition upon temperature sweeping is observed; above it, there exists an intermediate Kosterlitz-Thouless (KT) type [22, 23] phase characterized by in-plane 2D, quasi long-range orders (QLROs) of vortex alignment and superconductivity, in between the normal phase and 3D Josephson vortex lattice, accompanied with two continuous melting transitions, one of KT type and the other in the 3D XY universality class.
The Hamiltonian is defined on the simple cubic lattice
where the y direction is along the external magnetic field, andx ⊥ĉ ⊥ŷ. The unit length of the simple cubic lattice is taken as the separation d between the neighboring CuO 2 layers in a cuprate. The coupling constant is
ab , the uniaxial anisotropy parameter is defined by γ = λ c /λ ab , and the Landau gauge is taken for the vector potential A = (0, 0, −xB). The system size is of L x × L y × L c = 384d × 200d × 20d, and periodic boundary conditions are adopted in all directions. See Ref. [11] for more details about the simulations.
The neglecting of the screening effect is expected to be better justified at high magnetic fields where the cores of Josephson vortices overlap with each other.
As reported in Ref. [11] , we have found that the normal to superconductivity transition upon temperature reduction changes from first order to continuous when the normalized magnetic field f ≡ Bd 2 /φ 0 and the anisotropy constant satisfy the critical relation f γ = 1/2 √ 3 (see also [6] ), around which every reservoir layer is occupied by
Josephson vortices and the unit cell of vortex lattice is rhombic with its short axis of 2d parallel to the c axis and long axis of d/f parallel to the x axis, as shown in Fig. 5 in Ref. [11] . This result can be understood by the following melting scenario: When the anisotropy constant is smaller than the critical value for given f , the ordering in the vortex alignment is essentially 3D and thus of first order. For anisotropy constant above the critical value, on the other hand, the intralayer repulsion is stronger than the interlayer one, since the underlying layered structure prohibits reduction of the intervortex separation in the c direction from its minimal value 2d. A 2D, intralayer order then occurs at a temperature higher than that for the interlayer one, which results in continuous transitions.
In order to verify this scenario, we investigate the crystalline order and detailed trajectories of flux lines in the present study. For this purpose, we choose f = 1/32 and two typical anisotropy constants γ = 8 and γ = 20: γ = 8 is realized in YBa 2 Cu 3 O 7−δ , the least anisotropic one in the class of high-T c superconductors, and is slightly below the critical value γ = 1/2 √ 3f ≃ 9.2376; γ = 20 is adopted quite above the critical value so that analysis on the low-temperature phase becomes easier. As shown in Fig. 1 , the normal to superconductivity transitions, signaled by the sharp setup of isotropic in-plane helicity moduli which are proportional to superfluid density, take place at the same temperature T ≃ 0.96J/k B for both anisotropy constants within the precision of simulations. For γ = 8
there is a δ-function peak in the specific heat at the transition temperature indicating that the transition is first order [11] .
The structure factors for the center positions of Josephson vortices at the transition temperature are shown in The present simulation results are robust against finite-size effects as revealed by the following consideration.
For anisotropy constants below the multicritical value, the system size is clearly sufficient for observing the right physics, namely the single first-order melting transition. For anisotropy constants above, both T KT and T × should decrease when larger systems are adopted since periodic boundary conditions are imposed in our simulations.
However, the upper transition point T KT is above that in the bare 2D XY model T bare KT ≃ 0.89J/k B , which is achieved at γ = ∞ in Hamiltonian (1), since the interlayer Josephson coupling enhances the superconductivity order. Because we have already observed the lower transition point at T × < T bare KT with a discrepancy much larger than the temperature resolution of our simulations in the present system, the temperature regime for 2D QLRO [T × , T KT ] certainly does not shrink to zero in the thermodynamic limit.
Since the same change in the nature of phase transition should be observed when the magnetic field is tuned while the anisotropy parameter is fixed, we map out the B −T phase diagram for the interlayer Josephson vortices in almost parallel to the B axis at high magnetic fields. The first-order phase boundary at low magnetic fields can be either meandering caused by the incommensuration between the vortex lattice and the layered structure [17] or smooth [19] .
The present results are expected to apply to organic superconductors and artificial layered superconductors.
Other candidates which show the same structure of phase diagram may include colloids, polymers, liquid crystals 
